Bxrercises

1. Flot the relative populations of the 2nd and ground levels of neutral
hydrogen for the temperatures of 1,000 to 20,000.

2« What fraction of the H, He, lg, 5i, Fe, Ha, K and Ca are neutral and
in the singly ionized condition in the atmospheres of stars of ( T =

5,700 and Py = 30 dynes em™? 3 T = 10,000 and P = 300 dynes cm™2 ) ?

3. The strons Mz II doublet 2t A U481l arises from transitiocns from the
32]]3;2! 5/2 term to the hEF term. The excitation potential of the lower
term of the transition is 8.83 ev, and the ground term of Mg II is 3251 /2.
Calculate, for Pg = 100 dymes em~? and T = 7,200, the fraction of g
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ra

atoms capable of absorbinz A LLEL.
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Example (Saha)

Calculate the relative populations of the neutral and ionized
hydrogen atoms in the stellar atmospheres for P, = 100 dyn/cm®,
To = 4000°K to 18000°K with 1000°K-interval.

For hydrogen atom:
X1 = 13.598 ey, g, = 1 and g, = 2. Pe = 100.
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T

4000
5000
6000
7000
8000
a00a
10400
11000
12000
13000
14000
15000
16000
17000
18000

| 1ng TI/1

| =1

0,606

£, 957

LV I e 7 R LS R = ]

1
| 3

4
| 2
1

11/1 /T I1/T
2.477-11 | 1 oo 2 ATIEAT |
L156-7 | 1.000 1.156-7
.516-5_ 1.000 | 3.515-5

2.213-3 | 9,978-1 | 2.208-3
5,176-2 | 9.508-1 | 4,921-2
$.223-1 | 6.164-1 | 3.836-1
667 1.765-1  8.235-1
.489+1 | 3.863-2 | 9,614-1
.023+2 | 9.678-3  9.903-1
L436+2 | 2,902-3  9,971-1
,840+2 | 1,015-3 | 9.990-1
A77+3  4.035-4  9,996-1
.623+3  1,778-4 | 9.998-1
L169+4  8,550-5 | 9.999-1
-259¢4 |14.426-5 | 1,000
GoiTisionel Tonizabimn
Te LT IL/T
7000 1.000 4.324-6
8000 1.000 8.271-5
9000 @ 9,992-1 | B8.318-4
10000 9.947-1 | 5,312-3 |
11000 9.760-1 | 2.402-2 |
12000 9,184-1 | 8.164-2
13000 7.907-1 | 2.093-1
14000 5.958-1 | 4.042-1
15000 3.935-1 | 6.065-1
16000 | 2.397-1 | 7.603-1 |
17000 1.424-1 | 8.576-1
18000 8.564-2 | 9.144-1 |
19000 5.297-2 | 9.470-1 |
20000 3.390-2 | 9.661-1



Table 3-5 lonization of Hydrogen (P, = 10 dvne cm=2).

] Nu N, N
Ny Nr + Ny N+ Ny
4,000°K 246 x JQ-10 1.000 0.245 % 10-9
6,000 350 = 10-% 1.000 0.350 = 10-9
8,000 5.15 x 10-2 0.660 0.340
10,000 4,66 = 10+ 0.0210 0.979
12,000 1.02 = 107 0.000978 0.999
14,000 0.82 » 10+ 0.000102 1.000
16,000 5.6] = 10+s 0078 = 10-% 1.000
18,000 2.25 » 10+® 0444 = 10-5 1.000
20,000 7.05 = 10+° 0,142 = 10-E 1.000

1.0

0.8

0.6

0.4

02

Fraction of particles in ionization stape

o 5,000 10,000 15,000 20,000 25,000 30,000 35,000 40,000
TR
Fig. 3¢ Ionization of Hydrogen., An electron pressure P, = 10 dynes cm =2 is
assumed. For this electron pressure, hydrogen is almost completely neutral at
temperatures below 6,000°K and almost completely ionized above 11,000°K,
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TEMPERATURE T(4)= 0 T0 Z . ELECTRON PRESSURE Pe= Z00 dyne/cm*Z

TEMPERATURE T(4)= 0 TO 2 . ELECTRON PRESSURE Fe= 10 dyne/cn*2.




Fig. 3-5 lonization of Helium. An electron pressure P, = 10 dynesem™*
is assumed. For this electron pressurc, helium is almost completely neutral
at temperatures below 10,000°K, once ionized in the neighborhood of 20,000°K,
and almaost entirely twice ionized above 37,000°K.
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SAHA IDNI?ATIDN DF HELIUM ATOM
SAHA. AT, VOL,30M. [K0YAMA: 8R.0S,

TEMFERATURE Ti4)= 0 70 & . ELECTRON PRESSURE Pe= 10 dynefcaZ,

SAHA IONIZATION E]F7 JCALCIUM ATOM
SAHA. AT, VOL,30M, (KOYAMA: 8B.05.21)

TEMPERATURE Tid)= 0 TO 5 . ELECTRON PRESSURE Pe= 100 dyne/cmZ,




Example (Saha)

In the spectra of cool stars, Cal resonance line 4227 A is most

conspicuous, while in the hot stars, it is replaced by the strong

o
Call resonance lines 3968 A (H) and 3934 A (K), which, in turn,

disappear in the hottest stars.

To see these process, calculate

the degree of ionization of the calcium atoms, for Pe = 100 dyn/cm®

and Te = 3,000°K to 11,000°K with 500°K-interval,

From A.0Q.3. we get:

Ca II/Ca I : % =6.113 ev Do 20 i =]
Ca I1I/Ca II 11.871 1 2
Ca IV /Ca III 50,91 6 1
%
100 o
Ry -~ i SRR i
7 i
Vi
’
|'|Ir
i / /
Cal h Call Calll
| E
| ||'l
l ~.
50— i
It
f’ f
|
I |
||I|I, {
|
2a /)
/ \\
0 \“* [ 1 il I

10 12
T (in 107°K)



T
3000
3500
4000
4500
5000
5500
6000
6500
7000
7500
4000
8500
5000

9500

10000
10500
11000

[1/1
3.532-4

2.679-1
2,576

11.622+]
| 7.482+1

272342
8,260+2

2.168+43
5.070+3

1 1.074+4

2.109+4

L3, B64+4
6.699+4

1,107+5
1.754+5
2.673+5

[ ¥ T 5 T s L N '8 ] kD o Ch

2

= =1 i

IT1/11

.715-9
.201-7
. 368-6
L908-5
.031-4
.079-3
.B873-2
L710-1
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. 768
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1 1,871-14 | 9,596-1
| 1.945=11 |
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I1/T
.531-4
.498-2
.113-1
.204-1
L419-1
.867-1
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.918-1
L623-1
.538-1
L120-1
.298-1
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.346-2
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o (R ¥ R T B 7 T R S IR 5 R

W e Gh e

¥ ]

LY R B ¥

I11/T

.605-18
.914-13
.851-10
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JT77-5
.885-4
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Example (Saha)

What fraction (%) of oxygen atoms will be in each states of

ionization in the atmospheres of stars with T = 7000°K to 35000°K

and with pg = 30 dyn/em?.

From AQ3, we get:

Kr Ersl Ey
0I1/01 13.618 ey 4 9
OIII/011 35.117 9 4
OIV/OIII 54,934 (3} 9
%
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|log I1/1
-2.1976
-0.8270
0.2541
1.1311
1.8586
2.4730
2.8999
3.4574
3.8592
4.2152
4.5354
4.8197
5.0791
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7044
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L937=-1
L704-1

.578-1
.885-2
. 366-2
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,092-4
.486-4
.380-4
LO08-5
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(KDYAMA: 88.05.23)

.

TEMPERATURE Ti(4)= .5 70 3.5 , ELECTRON PRESSURE Pe= 30 dyne/cm*2,
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Oxygen Ion Concentration R e
for X =0.7
p o= 100

;.26}.........20
T (in 6 dex °K)



Example (Saha)

What fraction (%) of alminium atoms will be in each states of
jonization in the atmosphere of stars with T = 2000°K to 20000°K
and with pg = 30 dyn/cm”,

From AQ3, we get:

Xy Er+1 &r
Al II/A1 I 5.986 ik 6
Al II1/a1 IT 18.826 2 1
Al IV/AL III 28.448 Ik 2
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T (in 3 dex °K)

Alminium ion concentration
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2000
3000
4000
000
6000

7000

8000

000
10000
11040
12000
13000
14000
15000
16000
17000
18000
12000

20000

I/T
1.000
9.998-1
9.029-]
1.417-1
1,023-2
1.343-3
2,783-4

| 7.828-5
12,455-5
L5,038-6

5.772-7
6.645-8
0.472-9
1.595-9

2. 720-10
[ 3.822-11

4,.572-12

2. 603-15 |

7.782-14
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.451-10
.603-4
L708-2
.583-1
.898-1
.987-1
.994-1
.902-1
,738-1
.282-1
032-1
L 266-2
. 694-3
.591-3
.244-4
.962-5
.552-5
.667-6
L062-7
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-368-50
.278-29
.305-18
.116-12
. 883-8
072-6
. 506-4
.685-3
.262-1
L717-1
9661
W 754-1
L79B-1
L205-1
.173-1
»935-1
LB05-1
.982-2
.284-2

Y e et B LN = SN % R R TR 6 T S o

L R o T+ + I s L o T I

Iv/T

.309-70
.336-46
.950-33 |
.407-25
.605-19
667-14
,706-11
.441-8
.449-6
.771-4
.953-3
L449-2
.788-2
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Exercise 1.
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Exercise

What fraction of H, He, Mg, 5i, Fe, Na, K and Ca atoms are neutral
and in the singly ionized condition in the atmospheres of I-star
(of T = 5,700 and pg = 30 dynes/cn®) and IL-star (of T = 10,000 and
P, = 300 dynes/cm®) ?

Element g X5 g 0 g2 X2 g3 i3
H 2 13,89 1
He 1 24,58 2 50.40
Me 1 F.ah g 503 3 Ho s 6 qagion
5i G B85 &6 16,3 1  33.0b5 2 )53
Fe 25 7.80 30 16,18 25  30.64 57
ila 2 B.al 1 diFees 5 |6 98.68
K 2 b3k 1 3B 6 U6 9  60.90

Ca Iy L S 13 11511 f oy QR 1] (011 S 67



T=10,000

o  golX] g1lXo golX3 g

H 13.59, 2 1l

He ehanB, ElBOChey 2 0 7l

Mg 7.6l 1/15.03, 2/ 80.12, 1/109.29,6

8i 8.15, 9116.3h, 6 33.46, 1| 15,132

- 7.90,25116.18,30 30.64,25 57
=l _ | Bk, 21L7.29, 1171.65, 6 9R.88,

K ho3h 2(3.81 1L 6' 60.90,9
_ Oa  |&73 3[TI.87 olerion 9 gy 4

log : N1./H, log lio/1fy _,!._lngh_|Hgﬂi2_

H -4 .5839 2,61 (=5)
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g | - S—

51 — i I

Fe _3.4l15] 2,76 (3) ._—_Q.ﬁioc\__l .29(-1)
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Example (Saha + Boltzmann)
Calculate the fraction of hydrogen atoms excited in the 2nd

level of HI, which are capable of absorbing the Balmer lines.

Assume Pp = 100 dyn/cm® and T, = 4000°K to 18000°K (with 1000°K-

interval),

100 _ IS (Rt e =

Concentration

4 6 8 10 12 14 — 16
T (in 3 dex °K)

-10

log (relative concentration)

-12




Example (Saha + Boltzmann)

Calculate the fraction of oxygen atoms capable of absorbing 4649 R,

35 "Psja = 3p "Dyye. of OII,
level is 22.90 ev. The ground term of OII is

8,000°K to 30,000°K with 500°K-interval and Pg

The excitation potential of the lower

453#!2.
= 630 dyn/cm?.

From A.Q,3. we get:
G TLJ0._ T ¥e = 13.618 ev Bopg = 4 gp = 9
QUITESE 1T ¢ 35.117 9 4
9SSR o 1 § 54,934 6 g
0 I1,3s"P/0 II e = 22.90 6 4
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Assume Te =



Te
BOOD
2000

10000

11000

12000

13000 |
_14000

15000
16000
17000
18000
18000
20000
21000
22000

23000

24000
_ 25000
26000
_ 27000
28000
28000
30000

T TEPI T S T, T 7% I SR NS R I Y - o T I = T -1

b B3 = = DD LA M

II/1 I11/11
L 096-3 1_1.025-15_
.551-2 | 3.954-13 |
.442-1 | 4,764-11
436 | 2.455-9 |
L4l6+l ¢ 6.683-8
.764+1 | 1.114=6
.365+2 | 1.259-5 |
A43+2 |1 1.042-4
.81ﬁ+2_l.5.553¢d
.626+3 | 3.483-3
.141+3 | 1.521-2
71543 | 5.728-2 |
L 840+3  1.905-1 |
.622+44 | 5.675-1 |
. 564+4 1,542
,917+4 | 3,855
.794+4 | B.974
_356+4 | 1.959+1
.175+5 | 4.046+1
LA18+5 TF,943+1
.183+5 | 1.4953+2
89745 | 2.692+2
3.77645 | 4,677+2

b if. ) el

0. 930-1
9,212=-1
6.082-1
2.254=1

£, 5897-2

2.056-2

7.275=3 |

2.895-3

| 1.277-3

6.127-4
3.136-4
1.655-4
B.535-5
6O
1.534-5

loglla/T

_ =16.403

| =1%,FHI
IS b o
| =10.,427

IT/T | 111/T | loglla/IL
| 7.046-3 | 7.227-18 | -14.251
| 7.877-2 ;3-114-14 -12.648
| 2.918-1 | 1.867-11 | =11,366
| 7.746-1  1.901-9 | -10.316
9.340-1 | 6.243-8 | -9.442
| 9.794-1 | 1.091-6 _ -8.702
9.927-1 | 1.250-5 | -8.068
1 9,970-1 | 1.039-4 | -7.518
| ©.981-1 | 6.670-4  -7.037
| 9.959-1 | 3.469-3 | -6.613
9,847-1 | 1.497-2 | -6.236
9.457-1 | 5.417-2 | -5_B98
8.399-1 | 1.600-1 | -5.595
| 6.379-1 | 3.620-1 | -5.320
5,034-1 | 6,066-1 = -5.070
2.060-1 | 7.040-1 | -4.842
1.003-1 | §.997-1 | -4.633
| 4.857-2 | 9,514-1 | -4.441
2.412-2 | 9,759=1 | -4.263
1.243-2 | 9,876-1 | -4.099
6.654-3 | 9,933-1 | -3.946
3,702-3 | 9.963-1 | -3.804
2.153-3 | 9,978-1 | -3.671

-9.472
-8.711
-8.071
-7.519
-7.038
-6.615

_-6.243

-5.922
-5.671
-5.515
-5.475

528

-5.632

-5.755

-5.881

-6.004

-6.123

-6.236

342

=0

-b.



100

Concentration

Example (Saha + Boltzmann)

The strong MgII doublet at 4481 A arises from the transition

Ezﬂzfz, 5/2 term to 4°F term.

The excitation potential of the lower

term of the transition i1s 8.83 ev, and the ground term of MgIl is

325132.

the line for P, = 120 dyn/cm’ and Te =

500°K-interval.

From A.Q.3 we get:

4,000°K to 17,000°K with

Calculate the fraction of Mg atoms capable of absorbing

Mg II /Mg 1 Xp = 7.646.ev g3 =2 g, =1
MgIII /Mg1lt 15,035 1 2
Mg IV /MgITI 80.143 6 1
MgII,3?D/MgII : € = 8.83 10 2
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4000 |2.611-3 13,196-13 |
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| 3.854-1
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6000
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16000 | 1.556+4 |7, 3
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~ 14400

~ 14500
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16500
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L 4.460+1

[ 4,462+3

[ 7.022+4
[ 1.077+5
| 1.604+5
[ 2.324+5
| 3.289+5
| 4.554+5
| 6.187+5
| B, 258+8 | 6.
| 1.085+6
[ 1.404+6

(1.794+0

L 2.265+6

4,1323-2 |

2,455
: ki

1.423+2
30574
92.692+d
2.166+3

§.582+3

2.683+4
4.42544
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3
1
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2
1
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7
1
4
1
i
4
7
1
7
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. 463-11
.434-9
-040-7
818-6
L080=-5
LT03-4
L066-3
vofil=5

[2.25]=2

014+
123+1
L205+1
.835+1
L433+2
-491+2
L179+32
70342 |
1.073+3 |

1,652+3
2.482+3
3.650+3

_2.885-1]
_7.868-2

. 3.858-9

[ 1.209=10

/T
9.977-1

9,.605-1
7.218-1

1 2,.193-2
| £.978-3

2.531-3

| 18253

4.513-4

4.070-6
1.278-6

L 4,177-7

1.448-7

| 5.357-8
| 2,106=8

8.781-9

1.780-9
B.581-10

| 4,310-10
[ 2,245-10

[2,782-1
| 7.106-1
[9.213-1

| 8. 7751 |
| 2,072-4 |
| 9.262-5
| 3.705=5
1 1.283-5

| 2.587-3
~1.470=-3

| 4.027-4
[ 2.739-4

I11/T

[ 2.605-5 |

3.960-2 |

89.781-1
9.,925-1
9.964-1 |
9.936-1

9,247-1
7.949-1
5.765-1
3.443-1
1.801-1
8.975-2
4,499-2
7,.39559
1.245-2
6.928-3
3,999-3

9.310-4
6.051-4

|9

i
B.326-16 |
2.163-12
.553-10
.390-8
.675-6
.034-5
.691-4
.062-3
.328-3
L200-2
,509-2
.050-1
.234-1
.559-1
.200-1
.101-1
,551-1
.768-1
.879-1
,928-1
,962-1
- 975=1
.986-1
,990-1
.996-1
.000
.997-1

L4,
[1.913-7
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ITa/II

3,743-11

6.285-9
050-8

A17-7

¥
2,.195-6

| 5.824-6 |
|5
12, 9065 |

368-5

.678-5
.034-4
.773-4
.888-4
.500-4
.747-4
.781-4
.376-3
.886-3
L526=3
,313-3
,264-3

i ] Lo p =9 a3 =X = L

—

A04-2
1.205-2

w365 |
WI27=-3 |
.270-3 |

]

el

IIafT
.748-14
L553-11
.748-9
LB78-8
LT63=7
JB61-7
A79-6
.803-6
.350-5
i, § PO
.250-5
.217-5
J22-4
JB42-5
L103-5
LN56-5
LANL-5
L187-5
L 348-5
L 750=5
.325-5
.018-5
L232-6
1262-6
-005-6
.044-6
L301-6



